MATHEMATICAL GAZETTE. 


EDITED BY 
W. J. GREENSTREET, M.A. 


WITH THE CO-OPERATION OF 
F. S. MACAULAY, M.A., D.Sc., anp Pror. E. T. WHITTAKER, M.A., F.R.S. 


LONDON : 


G. BELL AND SONS, LTD., PORTUGAL STREET, KINGSWAY, 
AND BOMBAY. 








Vou. IX. JuLy, 1918. No. 136. 








ALICE THROUGH THE (CONVEX) LOOKING GLASS. 


The Presidential Address to the London Branch of the Mathematical Association, 
February 9th, 1918. 


By Wm. GARNETT. 
(Continued from p. 241.) 


Axice’s unit of momentum is the same as that of her partner in the external 
world, and as her unit of time is the same her measure of rate of change of 
momentum will also be the same. Hence her unit of force as estimated by 
the external observer is the same at all points and in all directions, and may 
be the poundal or the dyne. We have seen that, whether estimated in 
relation to motion along or perpendicular to the axis, Alice’s unit of mass 
varies inversely as her units of length, velocity and acceleration as judged by 
the external observer. Hence, the fundamental equation P=Ma, or the 
measure of the force is equal to the measure of the mass multiplied by the 
measure of the acceleration produced by it, will obtain equally well in 
Alice’s land as in our own world. 

The other great principle requiring consideration is the Conservation of 
Energy. What about Alice’s unit of energy? She will define it as the work 
done when the point of application of her unit force moves through her unit 
distance in the direction of the force. As her unit of force is the same as 
that of the external world, her unit of energy will appear to the outside 
observer to vary as her unit of length, and therefore to be different accord- 
ing to the direction of motion as well as the distance from F. For movement 
parallel to the axis the unit of energy will appear to vary as d*, and for 
motion perpendicular to the axis as d. 

Now consider the kinetic energy of Alice when the imaginary Alice of 
mass M is moving with uniform velocity V. The energy due to this motion 
is }MV*. First suppose that the direction of motion is along the axis. To 
the outside observer the energy of motion of the real Alice is 44M V;? or 

MV; .V;. But MV, is the momentum, and this is constant and equal to 

V. Hence, to the external observer Alice’s kinetic energy appears to vary 
directly as V;', that is, directly as d*. But Alice’s unit of energy appears 
to the external observer to vary in the same ratio. Hence Alice’s measure 
of her kinetic energy is equal to }./V?, and will remain constant as long as 
the corresponding motion of the imaginary Alice is unaccelerated. 

If we consider motion at right angles to the mirror we come to the same 
conclusion, remembering that V;,’ varies directly as d, and Alice’s unit of 
energy measured by external standards varies in the same way. Hence, 
whether Alice is moving along or perpendicular to the axis of the mirror her 
estimate of the kinetic energy due to her movement will be }/V% To 

K 
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Alice her measure of her own mass and her velocity will remain the same 
irrespective of her position and direction of motion if her imaginary partner 
move uniformly, and consequently 44 V? will be always equal to her energy 
measured in terms of her own unit of work. 

It seems therefore that as far as conservation of momentum and conserva- 
tion of energy are concerned Convex Looking-Glass Land is capable of afford- 
ing a rational system of dynamics if we allow that the unit of mass may vary 
in the way indicated. It will be noticed that as the unit of force is constant 
while the unit of mass increases inversely as d*, as Alice approaches the 
focus a finite force produces a smaller and smaller acceleration, and it will be 
found that no finite force will carry Alice up to the principal focus in a finite 
time. 

If Alice is provided with a protractor which, when placed with its plane 
perpendicular to the axis of the mirror, appears to Alice and to the outside 
observer to be a perfect circle accurately graduated in, say, degrees; when 
this protractor is placed with its plane “nage eo to the axis it will appear to 
the external examiner to be an ellipse, the degree graduations being unequal 
and corresponding to the eccentric angles of the several points on the circum- 
ference of the ellipse. If Alice uses this protractor to measure the movement 
of any point on the surface of her spinning top, according to the protractor 
the point will move with uniform angular velocity about the axis of the top, 
and, as already pointed out, every point of the top will appear to Alice to 
be moving uniformly in a circle, and to her the protractor will still appear 
circular with equal divisions. To the external examiner every point of the 
top appears to be moving in an ellipse, the law of motion being that of the 
projection of a point which moves uniformly in the auxiliary circle. If we 
resolve the velocity of every point along and perpendicular to the axis of 
the mirror, remembering the variation of the units of mass, energy and 
velocity according to the direction of motion, we shall find that every particle 
retains the same energy at all points of its path. 

If 2 be the distance from the axis of any particle of mass m in the top in 
the outer world to which Alice’s spinning top corresponds and r the semi- 
axis major of the ellipse in which the corresponding particle in Alice’s top 
appears to the external examiner to move, and if w be the angular velocity 


of the imaginary top, then ons, and since the motion of the particle in 


Alice’s top as seen by the external examiner is the projection of uniform 
motion in a circle of radius r with angular velocity w on an ellipse, the axes of 


which are r and q, respectively, it follows that the external examiner’s 


estimate of the energy of motion of the particle is 
d? di; 
Be S0%( macost9 + Fz masin®d 
where m, and m; are the external examiner’s estimate of the transverse and 
longitudinal masses of the particle and @ is the angle through which the 
imaginary top has turned since the radius from the axis to the particle in 
question was parallel to the axis of the mirror. But the external examiner 
estimates m, as equal toLm and m as Em. Hence the expression for the 
energy as estimated by the external examiner becomes 
d? ; = 
a wm (4 cos? 9+ sin* 6), 
the two terms corresponding to the components of the energy due to the 
velocities perpendicular and parallel to the axis of the mirror respectively. 
But Alice’s unit of energy estimated by the external examiner, since her 
unit of force is constant, is proportional to his estimate of her unit of length 
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5 a : . en 
and is therefore 7 times the external unit for transverse motion and a times 


the same unit for longitudinal motion. Hence, to be expressed in Alice’s 
units the component of the energy due to transverse velocity must be multi- 


plied by f, and that due to longitudinal velocity by 4. Hence Alice’s 


measure of the’kinetic energy of the revolving particle becomes 
4 otm (5 sof in?9Z, ) 
Ae m \-, cos? 9+, -+sin? 0, ), 


that is $MR*%w*. The external examiner’s estimate of the kinetic energy in 
terms of Alice’s units is therefore }//?w*, and this is Alice’s own estimate. 

It follows that the energy of the whole top as estimated by Alice, or by 
the external examiner in terms of Alice’s units, is $2mF?w? or 4Mi*o*, where 
M is the mass of the imaginary top in the external world and & its radius of 
gyration. Hence Alice may calculate moments of inertia and use them for 
expressing energy of rotation precisely as if she lived in the outer world, 
As already pointed out, to Alice, with her standards of measurement, the 
mass of the top measured in any direction will be always the same ; its shape 
will be constant and its dimensions the same as those of the corresponding 
top in the outer world. Its moment of inertia will appear constant and, as 
the top spins, every point will appear to move with uniform angular velocity 
about the axis of the top. 

I hope that my reference to the external examiner will not lead you to 
suppose that I wish to make any contribution to a very vexed and wide- 
— controversy. It is true that our external examiner possesses very 

ifferent standards from those of Alice or any internal examiner who lives 
in her world, and it seems to the external examiner that his standards are 
invariable and that the standards of the internal examiner change so as to 
adapt themselves to the changes in the conditions of the quantities to be 
measured, but, on the other hand, the internal examiner entertains similar 
views with regard to his own and the other’s standards, and there is no 
means by which either can detect the variation, if it exist, in his own 
standards. The external examiner can, however, obtain consistent results 
if he make proper allowance for the variation of Alice’s standards according 
to position or direction in her environment, but this means complication an 
trouble. On their face Alice’s performances are to the external examiner 
eccentric ; to the internal examiner they are natural. We have tried to act 
in both eapacities. 

It may be of interest to compare the results which we have obtained in 
Convex Looking-Glass Land with those derived from the Theory of Rela- 
tivity as set forth by Einstein, Lorentz, Larmor and others. 

The Theory of Relativity owes its sanction to certain experiments on light 
and electricity. Ifa boat is rowed down stream and up again with velocity 
v relative to the water while the stream flows with velocity u, the time 
taken on the journey is greater than it would have been if the water had 
u? 


been still in the ratio of 1 to 1- = If the water were still and if the starting 


post and mark buoy were moved with velocity u in the direction in which 
the boat started, the time taken by the boat to go round the mark buoy and 
back to the starting post would be similarly increased. It was therefore 
expected that the time taken by light to travel between two points in the 
direction of the earth’s orbital motion, and back again, those points being 
carried by the earth would be greater than the time taken when the distance 
between the points was at right angles to the direction of the earth’s orbital 
motion. The interference experiments of Michelson and Morley in 1887 
showed that no such effect could be detected, although the experiment was 
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arranged to show a much smaller retardation than that which would follow 
from the boat theory of the transmission and reflection of light. 

Trouton and Noble in 1904 tested the stationary «ther theory by means of 
an electric condenser suspended by a torsion wire. . On the theory of the 
earth moving through a stationary «ther, the condenser when charged 
should have turned on account of a torque due to the motion of the charged 
condenser, tending to set with its plates perpendicular to the line of motion, 
but it failed to do so. 

The experiments of Bucherer on a moving electron showed that, on the 
assumption that its charge was constant, its mass in the direction of motion 
differed from its mass perpendicular to that direction, thus confirming one of 
the conclusions of the Theory of Relativity as stated below. 

According to the experiments of Michelson and Morley, the apparent 
velocity of light is the same in whatever direction it is travelling relative to 
the earth’s motion. Those acquainted with the work of Einstein will 
remember that the fundamental problem he set himself to solve was to 
ascertain the necessary transformation of the variables of space and time 
which would cause the velocity of light, c, to appear the same in every 
direction when measured by two systems of apparatus, one of which is 
moving in any direction and with any velocity relative to the other. If 2, y, 
z are coordinates measured along axes fixed relative to one system, and 
x’, y', 7 those measured along parallel axes in the other system, and the 
relative velocity is v in the direction of x, the simplest form which the 
relations can take is given by the linear equations 

we=k(c-vt), ¥=y, =z, t=art+Byt+yz+e. 
The use of 6 as a coefficient is avoided, because it is suggestive of an incre- 
ment. The coefficients must be so chosen that if light pass from the origin 
to x, y, z in one system and to «’, y’, z in the other system in the correspond- 
ing times ¢ and @’ respectively, then 


e+y+2=c and x2+y?+72=c%? 
for all corresponding values of ¢ and ¢’, or 
P(c-vtP+y+2=c(ar+ Byt+yz+e)? 
must be identical with 27+ y4?+2?=c*?*. 
Hence, equating coefficients and solving the resultant equations 


ee 2\-4 
Ne (1-5) 
kv 


e=h, a= mer 


B=y=0. 


} ce Vx 
Therefore t= 555 (1-4). 


When z is zero x’ is also zero, and the ratio of the measure of time in 
one system to that in the other is 


Ea). @. (3): 


It follows that an observer in-one system thinks that his own unit of 
time is less than the corresponding uvit in the other system in the ratio 


/ 1-5. If ¢ is zero the value of 7’ is —~ eee and this gives the 





¢ Je—v 

apres difference in the times registered by two corresponding clocks in 

the other system at a distance x apart in the direction of the relative motion. 
(To be concluded.) 
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THE INTRODUCTION TO INFINITE SERIES.* 
By W. J. Dosss, M.A. 
(Continued from p. 246.) 


Lemma. Let 4, d,, $3,... bea sequence of functions of a variable x such 
that all members of the sequence have a common value c when x=0, and 
remain continuous, as also do their differential coefficients, while x ranges 
between 0 and some finite value. We will speak of this range of « as the 
range of continuity. 

Denoting differentiation with respect to « by a dash, consider the sequence 
of functions ¢,’, ,', ¢;',..., and suppose that the graph of y=¢,'(v) is drawn 
for the range of continuity. Let y(«) denote the area BOMP enclosed by 
the axes of coordinates, the ordinate /P and the curve. 


Y aris 














Xaxis 
Fie. 5. 
Then v(x) = r(x), where W(0)=0; 
“. W(x)=¢,(x)+<a constant. 
But v(0)=0 and ¢,(0)=c; 


 W(v)=,(%)-¢; 
 ba(v)=c+W (2). 
Now there is some ordinate VQ within the range OM such that 
V(x)=27.NQ; 
oo AR Oa CIV a oss vcitcnnassjcustpacknocssuabele (1) 

Suppose now that for all values of x ranging from 0 to p, not beyond the 
range of continuity, ¢,’ can be made numerically less than ¢ by sufficiently 
increasing n. Then, for all values of x ranging from 0 to p, VQ can be made 
numerically less than «. Under these circumstances, ¢,(v)—c as no for 
all values of « ranging from 0 to p. In some cases the range 0 to p may 
extend over the whole range of continuity. In other cases the range 0 to p 
may be restricted to a portion of the range of continuity. 

It appears then that we are entitled to assert that the limit of the 
sequence of ¢’s is c for all values of x ranging from 0 to p, provided the 
following conditions are satisfied : 

(a) The members of the sequence ¢$,, $2, $3, ... remain continuous for all 
values of x ranging from 0 to p. 

(5) The ¢’s have a common value-¢ when 7=0. 

(c) The members of the sequence ¢,’, ¢,', ¢,',... remain continuous for all 
all values of x ranging from 0 to p. 

(d) >,’ can be made numerically less than € by sufficiently increasing n for 
all values of « ranging from 0 to p. 





* Read at a meeting of the London branch on the 9th of March, 1918. 
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Further, equation (1) gives us an expression for the error made when, for 
a particular value / of x, ¢ is substituted for ¢,(A). For QV=¢,'(6h), where 
6 is within the range 0 to 1. 
. Dal(hA)=ce+hd,'(Gh). 
It appears then that we are entitled to assert that the limit of d,(A) is ¢ 
provided h¢,'(@h) can be made numerically less than ¢ by sufficiently increas- 
ing. Denoting the error by 2,, so that 


dn(h)=c+ Rn, 
we have BPR COR) cic sonecaseccracectactevensesensee (2) 
For instance, returning to our discussion of the Logarithmic Series, and 


putting 1 
$n=log (1+2)—27+$2?-...4+(- 1, 
so that ¢,'=(— ryar( 4 -) and c=0, we have 


log (1+4)=A—$h?+...+(— 1) + Ray 


where Ry=(-1)°h(61)( a) 


1 
=(-1" 0%" (+15) 

(iv) Gregory's Series for tan x may be treated in a similar way to the pre- 
ceding. We pass on to the 

(v) Exponential Series. Consider the graph of y=e* for positive values of 
a. Its gradient is given by a Both y and “Y are increasing functions 
of x. dx dx 

Let ¥(x) denote the area BOMP bounded by the axes of coordinates, the 
the ordinate MP and the curve. 

Then W(xc)=e and yw(0)=0, 
whence W(x)=e-1. 

Draw the tangent BQ at B, meeting the ordinate MP at Q. 


‘ 


a 








2X axis 








Fig. 6. 


As a is an increasing function, 
W(x) > area BOMQ, 
1.6 &—-1l>#+42"; 
1 E>1l+r+ he". 
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Integrating again, V(2)>a+ a 4 
ft 8. 
2.€. itt taba ak. 

# = 

Tetia 


EME 
and so on. 


Thus we are led to consider the sequence of functions 
$,=1+2, 


. @>14+2+ 


= 
hal+etrs 


fas 
“Meee CY 
For positive values of x, each member is greater than that which precedes 
it, but remains always less than eé*. 
We notice that the ¢’s have a common value unity when «=0, and that 


th’ =be-T 


gn=1+e+ 


Now, for all finite values of x, positive or negative, — may be made 


numerically as small as we please by sufficiently increasing n, and the above 
statement suggests that the limit of the sequence may be ¢, such that 
d 
10 a4 and ¢(0)=1. 
If so, > is at once identified with é*. 
Examining this point more carefully, we have 





Fildes ee 
WO Te 
Multiplying by e~*, 
—2z Addn d(e*) a et 
de +e Tw 
‘ET 
2.€. a =-eé [n’ 


ame 
Now, if x is finite, = may be made numerically as small as we please by 
sufficiently increasing », and e~* remains finite, though it varies with .. 
Hence the numerical value of —e-*. a can be made less than ¢ by sufficiently 


increasing x for all values of x within a finite range. Thus it appears that 
e~*d,—>a constant value throughout such a range. But the only possible 
constant value is unity, since e~*¢,=1 when «=9. . . 
We infer then that e~*¢,>1 when n— ©, and consequently, as ¢* is finite, 
dy> e@ when n- © for all finite values of x ; i.e. e* is the limit of the sum 


2 x 
siteciad | ahaacy 
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Also, if we desire an expression for the remainder after (n+1) terms when 
a particular value / is assigned to x, we have 


e-p(h=1+h[ —em OO"), 
eee See 
whence e=1+h+ gti tit Ras 


h" 
where R,=h. > Pret -O"., 
7 


(To be concluded.) 








GLEANINGS FAR AND NEAR. 


28. Professor MacCullagh : 


“In Strabane he was, while very young, placed at the only respectable 
school at that time in the town. Here his genius soon displayed itself. After 
school hours he was almost constantly employed in solving mathematical 
problems; yet, it is remembered that when Euclid was first put into his 
hands he was dissatisfied with the task. He was only required to get the 
solution of a problem by heart, like a copy of verses, and repeat it. There 
was no attempt made at explanation. This did not suit the character of 
his mind, which even then could not rest until it thoroughly understood the 
nature of everything that came before it. For some days he was restless, 
unhappy and puzzled, wandering about with his Euclid in his hand. In 
his perplexity he met a neighbour, a working carpenter, a man of cleverness 
and talent, who, seeing the boy evidently unhappy, was good enough to ask 
him what was the matter. He immediately told his good-natured friend 
that he was obliged to get by heart a.set of strange words, the meaning of 
which he wanted to understand, at the same time showing him the proposi- 
tion he was committing to memory for the next day’s task. The carpenter 
instantly sat down with the puzzled boy, and in a short time showed him 
what a proof was. This was the way in which Professor MacCullagh first 
learned to prove a proposition in Euclid.” —Obituary Notices, Royal Society, 
1847; Phil. Mag., March 1848, p. 222. ' 


24. About the middle of the last century the Professor of Mathematics 
in the University of St. Andrews was an able mathematician and a singularly 
picturesque teacher. He spoke not only with a Scottish accent, but used 
many old Scottish words, if they were effective in making his meaning clear. 
If, for instance, he noticed an inattentive student, looking anywhere but 
at the blackboard on which he was demonstrating some proposition, he would 
stop and request the lad to “e’e the buird ’’ (look at the board). He lectured 
in a dress suit, and as he always wiped his chalky fingers on his waistcoat, 
his appearance was somewhat brindled by the end of the hour. One of his 
old students gave me the following recollection of an incident that took place 
in the class-room. A certain student named Lumsden was one day con- 
spicuous for his inattention. The professor at last stopped his lecture, and 
addressed the delinquent thus: ‘ Mr. Lumsdeil, will you come forrit here and 
sit down on that bench there infront o’ me. I have three reasons for moving 


tet In the first place, you’ll be nearer my een; in the second place, you'll 
nearer my foot; and in the third place, you’ll be nearer the door.’ 
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MATHEMATICAL NOTE. 


533. [K'.17.a,b.] Note on the Spherical Triangle ABC. 

Let the sphere have centre OQ, radius unity, and BM, BL having been 
drawn perpendicular to OA, OC, let the sectors AOB, BOC, be folded down 
on the sector COA. Then MB, LB must both pass through the projection 


N of B in its original position on the plane COA. In the final position of 
AOB draw BH and LE perpendicular to OC. 


(i) LN=LBcos A ; 
NB=LB vers A 
=sincvers A ; 
MH=sin bsinc vers A. 
But versa=MC 
=MH+HC 
=sin bsine vers A + vers (b —c) ; * 
hav a=hav 6+hav(b-c), 
where hav 9=sin bsinc hav A, 
which lends itself to rapid computation with a table of haversines. 
(ii) Produce HB to meet the tangent D7 parallel to OC in 7’ and join £7, 
cutting MN in J. : 
Then ey en ee aes, ; 
LB EH HT 
. cos A=WI. 


Hence an easy graphic method when } and care given of determining A 
from a and vice versd. 





* According to Montucla, Regiomontanus discovered this theorem. He gives the 
enunciation as follows: In every triangle the rectangle under the sines of two sides is to 
the square of the radius as the difference of the versed sines of the base and of the difference 
of the sides to the versed sine of the vertical angle. Ina note by Briggs on Napier's rule 
for the solution of the same case, he gives an equivalent rule, 

vers a — vers (b—c)=sin b sinc vers A, 
and points out how logarithms could be used to facilitate the working of a practical 


example, the instructions closely resembling those given for the haversine formula in 
Hall’s Four Figure Tables and Constants. 


Napier in a proposition On the use and importance of half-versed sines gives a rule 
which, expressed in modern notation, would stand thus : 
{hav (b+c) —hav(b-c)} hav 4 +hav(b-—c)=hava. 
It is interesting to see how directly this comes from the figure. 
Since NB=LB vers A, 
.«. MH=EHversA; 
. vers a —vers (b—c)=4{ vers (b+c)— vers (b—c)} vers.A ; 
“. hava—hav(b-c)={hav (b+c)— hav (b—c)}hav A. 

Napier did not give proofs of his theorem, though his son, in the preface to the 
Constructio, states that he intended to do so. It may reasonably be conjectured that he 
employed a method similar to the one above, projecting on to the plane of one of the 
triangles as Werner did in his De Triangulis Sphaericis, arriving at the form 

r _} {sin (90° -b+c) — sin (90°-b-c)} 

vers (180° — A) sin (90°- a)—sin(90°-b—c) ” 
the numerator on the right having its apparently cumbrous form instead of sin é sin c, in 
order to substitute subtraction for multiplication. It is curious that the ease with which 
the diagram gives the fundamental formulae should not have attracted the attention of 


writers of text-books till Mr. R. F. Davis discovered it in 1874 when an undergraduate 
at Queens’ (see Math. Gazette, vol. ii. p. 261). 
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Another easy graphic method is: Through WV draw WP parallel to 0A to 
meet OB in P; then OP=cos A. For since LV=LZBcos A, 


.. OP=OBcos A, 














B 
A P 
IO b-c 


ce) : M HC 











{iii) Since NB=LB vers A, 
.. MH=EHversA; 
*, cos(b—c)—cosa=sin bsin vers A ; 
sin $(a—b+c)sin $(a+b-c) 








ee 








. hav A= : ; 
sin bsinc 
_ hav (a—b+c)hav(a+b—c) 
{ ri sin bsinec 
‘ ‘ _ EM _cosa—cosbcose 
{iv) Again, ae 5 om a 
aRae y7_cose—cosacosb. 
Similarly MN en eee ee ; 
. __(cos a+cos c)(1—cos b) 
. LN+NM= —- 


=(cos a+ cos c) tan 4 


If we now return to the original solid figure and rotate either of the two 
triangles BLN, BMN about their common side BN until LV, VM are in the 
same straight line, we obtain a plane triangle BLM, whose sides are 


‘ b . 
sina, (cos a+cosc) tan 5? sine, 
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with corresponding angles 
A, 180°-(A+C), C; 


; sin a+sine _ sin A+sinC 
‘* (cosa+cosc)tan$b sin(A+C) 


_ tand(a+e) cos$(A-C), 
* “tan $b cos$(A+C)’ 


cos $(A — C) 





























. tan 3(a+¢)— h(a eo) ane 
Similarly for tan $(a—-c). 
D _ £08 (b-¢) Dee x 
A 
L 
1 
N 
| 
. Ee] M i} 
4 § 
*coubect 


Again, since the equation to £7 is obviously 
_ «—cosbcose 


~ gsindsine 
if we put y=-1, 
; we get x=cos(b+e), 


ae. the straight line #7 may be determined by marking off cos (b—c), cos (b+) 
along the tangents parallel to OC and joining S7, then J is determined by its 
abscissa cosa, or its ordinate cos A, as by Pionchon after M. d’Ocagne, the 
work being much facilitated if lines parallel to the axes are graduated by 
identical cosine scales. See Math. Gazette, vol. iv. pp. 262, 269. On p. 268 
A is twice in the practical work given incorrectly for a. E. M. Lanetey. 
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REVIEWS. 


Resistance of Air. By Lirur.-Cox. R. pe VittamiL. Pp. x+192. 7s. 6d. 
net. 1917. (E. & F. N. Spon.) 


Col. de Villamil has carried out an excellent piece of work in collecting all the 
available experimental data bearing on the problem of the resistance to a body 
moving through the air. The subject of aerodynamics is one where the mathe- 
matician must be content to hope that he will one day be able to attack the 
explanation and prediction of the phenomena as presented by nature. At present 
the mathematical instruments available for the attack are too feeble for over- 
coming the difficulties of the subject. The hypothetical perfect fluid bears little 
resemblance to actual air, and the assumption of irrotational motion is easily 
shown by experiment to be wrong; yet till quite recently the only problems on 
air resistance worked out dealt with irrotational motion of a perfect fluid, with 
the added restriction that the boundaries must be planes and the whole motion 
must take place in two dimensions. It is true that a certain amount of progress 
has been made during the last few years in the direction of the inclusion of 
viscosity and vorticity, and also of curved boundaries ; in the main, however, 
our present knowledge of the subject is based on experimental evidence. 

This was realised by Newton, whose propositions on fluid resistance in the 
Principia do not claim to do more than indicate the general nature of the pheno- 
menon. Numerical results can be expected only from carefully devised methods 
of measuring the resistance to a known body in a fluid with known relative 
velocity. 

The conquest of the air, which must be based on accurate knowledge of the 
resistance to different types of wings, bodies, struts, etc., has thus been the 
consequence of the accumulation of a mass of material bearing on the subject 
of this book. Much has been done by men like Lilienthal, Langley, Eiffel, Dines, 
and various distinguished men at the National Physical Laboratory. Col. de 
Villamil collects the results with a view to the discussion of the formula for the 
resistance to a flat plate moving normally to the wind. 

To readers of the Gazette the most interesting part of the book would be the 
first four or five chapters, where the author deals with the theory of dimensions 
as a means of arriving at the fundamental formula for fluid resistance. The 
author is evidently very angry with mathematicians, and we should be grateful 
for his anger, as he subjects our methods of teaching mechanics to a refreshing 
criticism that should be of value to us. We do not think, however, that Col. de 
Villamil always has justice on his side, and we cannot deny ourselves the satis- 
faction of the tu quoque argument. For we hardly think that the author has 
succeeded in making the theory of dimensions much clearer than does the average 
text-book on mechanics. We do not blame the author for this: we all find it 
rather easier to criticise methods of teaching than to improve them. 

On the whole we should have preferred a short and clear statement of the 
theory of dimensions, with a discussion of the wickednesses of mathematicians 
(if the author must have it) at the end in the form of an appendix. The reader 
of a book on Resistance of Air wants to get on to the facts of the subject as soon 
as possible, especially if he is, as the author desires, a young student. The young 
student can scarcely be expected to take much interest in the views of Schelling 
and Hegel on ‘“ matter,” even if he is attracted by the opinions of the old Scotch 
fishwife and the late Artemus Ward. 

On the main issues involved in the book, namely the existence of a Dimension 
Effect, and the question whether the air behaves as an incompressible fluid in 
resistance phenomena, the author’s view must stand as an expression of opinion 
to be tested further by the more refined methods of aerodynamical research now 
available. 

We heartily recommend the book to all who are interested in the phenomena 
of dynamics of and through air. The notation is variable, and sometimes unsatis- 
factory: otherwise the book is a pleasantly written account of an important 
subject of modern interest. 8. BRoDETSKY. 
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Cours de géométrie, pure et appliquée, de l’école polytechnique. 
Par MAvRICE D’OcAaGNE. 16 frs.each. 1917-8. (Gauthier-Villars). 


t. I. Transformations géométriques. Perspective. Géométrie infinitesimale. 
Géométrie reglée. Géométrie cinématique. 


t. IT. Cinématique appliquée. Steréotomie. Statique graphique. Calcul 
graphique. Calcul grapho-mécanique. Nomographie. 


“Cours d’analyse!’’ ‘toujours l’analyse!’’ ‘pas de géométrie!” “il 
nous faut un Chasles!’’ These were the exclamations of Professor G. Koenigs 
at the Mathematical Congress in Paris, Easter 1914, at the monotony of the 
intellectual fare, there and elsewhere, especially of the Mathematical Societies 
of Europe and America. 

Koenigs places a finger on a remarkable tendency of the modern mathe- 
matical spirit, in its effort to exclude the geometrical interest and intuition, 
to banish all figures and diagrams from the page of the treatise, and to rely 
entirely on a procession of formulas, equalities and inequalities. 

Maxwell has drawn the contrast between the two types of mathematical 
mind, the geometrical and the analytical. 

‘“* To some minds, when any relation or law however complex is put before 
them in symbolical form, they grasp its full meaning as a relation among 
abstract quantities. Such minds sometimes treat with indifference the 
further statement that quantities actually exist in Nature which fulfil this 
relation. The mental image of the concrete reality seems rather to distract 
their contemplation than to assist it. 

‘“* But the great majority of mankind are unable, without long training, 
to retain in the mind the unembodied symbols of the pure mathematician, 
so that if a science is ever to become popular and yet remain scientific, it 
must be by a profound study and a copious application of the principles of 
the mathematical classification of quantities ” (Scientific Papers, ii. p. 215). 

In the old Cambridge tradition, analytical procedure was classed as base 
and mechanical, and if secret resort had been taken to it, the process was 
recast carefully in the geometrical moula. 

Euclid and Geometrical Conics were studied as Plato approved, for the 
intellectual solace calculated to keep the mind in a healthy state, in the learned 
solitude of the country parson. 

And later, when the Triangle was discovered to be an unsuspected mine 
of geometrical interest, it could be held up as a similar ideal subject for a 
gentlemanly interest in mathematical recreation, as much as chess. 

In the tedious days in the trenches a little elementary geometrical manual 
could provide an agreeable stimulus and tonic of the young mind, in a weight 
of a few ounces; no paper required with the diagram visualised in the air, 
or traced in the mud, as Archimedes used. Here algebra would break down. 

The inscription over the entrance to Plato’s Academy means Compulsory 
Geometry. But Oxford allows the alternative Algebra, and so all go for the 
soft option. No wonder then the ironical title, ‘‘ Shall we continue to teach 
Geometry ?” of a paper brought before the Mathematical ‘Association. 

** Juggling with curves ”’ is the scornful name for geometrical applications 
of the Calculus. “It smothers what really needs to be taught,” meaning 
long sermons on such fascination as Divergency of Series and Failure of 
Taylor’s Theorem, and all the flints and boulders of Rigour to strew the 
primrose path of the beginner. 

After the sarcastic allusion to the school of the pedal-of-the-evclute-of-the 
inverse—of the polar reciprocal—of the roulette, how revolting to come across 
& curve, arising in the discontinuous motion theory of a fiying machine, 
defined as the profile of a revclution surface of constant curvature, capable 
of being fitted on a sphere without tearing or crumpling, and the roulette 
of the pole of a Cotes’s ees pedal, of an epicycloid, the cartesian coordinates 
being given by intractable integrals ; or even the simple case first investigated 
by Helmholtz cf a jet issuing from a slit in a wall having a Tractrix profile, 
the equitangential curve, roulette of the pole of the Cotes reciprocal spiral. 

Lagrange set the modern analytical fashion in his Mécanique analytique. 
“On ne trouvera point de Figures dans cet Ouvrage. Les méthodes que 
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jy expose ne demandent ni constructions, ni raisonnemens géométriques 
ou méchaniques, mais seulement des opérations algébriques, assujetties A 
une marche réguliére et uniforme.” Such a contrast to thé Principia, now 
defunct at Cambridge, that is of Newton. 

Jacobi follows the Lagrange tradition, but the immense mass of formulas 
in the Fundamenta Nova could be replaced, and agreeably, by a frontispiece 
of a geometrical figure, drawn carefully to scale by a Triangulist Contemptible, 
where the results could be visualised of the Cubic or any Transformation, as 
relations of Poncelet circles. 

The figures here too in d’Ocagne’s treatise are all carefully drawn, to illustrate 
some definite concrete problem, as well as the general case. 

Geometry makes its appeal to Intuition; Analysis and its methods are 
founded on Logic ; and here is the explanation of the divergence in mathe- 
matical spirits. 

Analysis constitutes an excellent machine in mathematical research. But 
in acquiring dexterity in the management of formulas, the student finishes 
by losing the habit of reasoning direct, and renounces “the method of con- 
sidering things in themselves, keeping them in view in the course of the 
argument,” as recommended by Poinsot, quoted in the preface, p. vi. 

The list of contents given under the title supplies a succinct and complete 
account of the scope of the work. The author is celebrated for the use he 
has made of his invention of the Nomograph, which enables the result of 
a complicated formula to be read off on a diagram, and so replaces the tedious 
calculation from the algebraical equations. These Nomographs are in constant 
use, applied to the numerous problems that have arisen in modern warfare. 


Staple Inn, May 21, 1918. G. GREENHILL. 


Third Year Mathematics for Secondary Schools. (Without Tables.) 
By E. R. Bresticu. Pp. 369. 1s. net. 1917. (The University of Chicago 
Press.) 


This volume completes the correlated course ‘nm general mathematics— 
“isolation in details; but correlation in major matters ’—devised by the 
author for high schools in America. It is an admirable instance of what 
can be done by taking in close combination topics drawn from branches of 
the subject which once were separated by rigid boundaries. It may remind 
some readers of the question once addressed to an admiring audience of 
parents by a local magnate at an annual school function: ‘‘ Gentlemen and 
Ladies—What would Euclid, what would Algebra have said, had they lived 
to see this day?” To that we cannot here profess to give an answer, but 
since the days of the speaker changes have been rapid—and effective. While 
it is probably true that many a teacher has taken his classes through a course 
that differs as little as may be from that mapped out by the author, it is, 
quite apart from being a convenience, of considerable psychological value 
to the student to have the subject approached as a whole and within the 
covers of one book for each unit of the work. We have already sketched 
in outline the method adopted in former volumes by Mr. Breslich, and as 
confidently as before we can recommend young teachers to give his volumes 
their serious consideration. The book is embellished with portraits and 
short biographical sketches of Leibniz, De l'Hospital, Monge, Napier, Cardan, 
and Cavalieri. 


Cape Peninsula Serials. 2nd edition. 1917. (South African Library, 
Capetown.) 


This is a list, revised up to last year, of the publications available for con- 
sultation in the libraries of eight institutions or public bodies in South Africa. 
The value of a periodical re-issue of such documents as this is brought home 
by the fact that gaps in over thirty sets have been wholly or partially filled 
since 1912. The compiler is to be congratulated on giving in the present 
issue detailed lists of missing parts, instead of “‘ merely indicating a serial 
as incomplete.” Since the first edition no less than 242 additional serials 
have become available for consultation. 
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Tables Numériques usuelles. Pp. 51. By L. Zorertit. 3 fres. 1917. 
(Gauthier-Villars. ) 


Here we have in 45 pages the products of the numbers from 1 to 999 by 
the numbers 1, 2, 3,... 9, and the first four significant figures of the values 
of n-! and n? in each’ case, with the four first decimals of logn. The next 
tables give the values of the sine, cosine, tangent and cotangent for 0° 15’, 
0° 30’, 0° 45’... to 44° 30’, 44° 45’, and 45°, with their values in grades 
to the nearest ‘half centigrade, and in radians to the nearest three or four 
oe Finally, we have the values from d=1 to d=100 of rd and rd?. 

umb slips are provided to facilitate ready reference. 


Short Logarithmic and other Tables. By W. CawrHorne Unwin. 
Pp. 43. 1s. 6d. net. Spon. 1917. (Messrs. Spon.) 


The tables include: Five Figure Logarithms ; Antilogarithms; Natural 
and Logarithmic Trigonometric Functions ; Functions of Numbers ; Products 
of Numbers ; Conversion Tables for English and Metric Weights and Mea- 
sures ; and Tables of W eights of Materials. They are intended to “ facilitate 
Arithmetical Calculation in those cases in which great accuracy is not unneces- 
sary.” The compiler reminds us that “in many Engineering calculations an 
error of one per cent. is negligible. The weight of a cubic foot of wrought 
iron may vary at least three per cent. in different samples, yet it is not necessary 
to experiment on the specific gravity of the material before estimating the 
weight of a bridge. The tenacity of iron is not always known with a certainty 
which excludes an error of one ton in twenty, or five per cent. In Hydraulic 
calculations, it must frequently be impossible to assign the true value of 
the coefficients within ten per cent.... In such cases it is a waste of labour 
to carry the arithmetical processes bey ond a moderate limit of accuracy. - 
“In solving similar problems in class, students waste time and incur the 
risk of greater errors than they avoid, by aiming at a degree of accuracy 
which, from the nature of the problem, is unattainable.’”’ The tables are 
well arranged, clearly printed, and bound in a flexible linen cover. 


Mathematical Papers for admission into the Royal Military Academy 
and the Royal Military College, for the years 1908-1917. Edited by 
R. M. Mitne. 6s. 1918. (Macmillan.) 


For the sake of those who are not aware of the value of this well-known 
and compact collection to teachers who may have to prepare candidates for 
the Army, we may state that Mr. Milne includes in his “ editing ’ the task 
of supplying full answers to the papers in these volumes. The papers are 
also published separately. 


Annuaire pour l’an 1918. Avec des Notices scientifiques. Pp. 676 
+42+44+422+20. 2 fires. 1918. (Gauthier-Villars.) : 


All these Annuaires now have in the first place four chapters on the Calendar, 
the Earth, Astronomy, Legal Measures, Money and Legal Time. The fifth 
chapter contains, in years ending in an even number, Physical and Chemical 
Data and, in the odd years, Data for Geography, Statistics of Demography, 
tables of interest, annuities, etc. Certain further changes. have been_made 
in the present volume, and these are catalogued on pp. vi and vii. It will 
be noticed that the bulk of this annual is such as to justify our still calling 
it the cheapest book in the world. The ‘“ Notices ” include an essay on the 
Life and Work of Gaston Darboux from the sympathetic pen of E. Picard, 
with a portrait of the great mathematician. M. G. Bigourdan writes an 
interesting account of the Egyptian Calendar. This will be found of historical 
value to those who are attracted by problems of ancient chronology. M. J. 
Renaud writes on Time at Sea, a problem that concerns not only those who 
go down into the great deep in ships, but Science in general, and Meteorology 

rticular. It concludes with the latest official circulars on the subject, 
on an account of the decisions arrived at in the London Conference of last 
July, 1917. M. Hamy sketches the trend of modern views as to the relations 
existing between the Sun and Terrestrial Magnetism. Special mention may 
be made of the Index of nearly 60 pages. 
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Elementi di Aritmetica con note storiche e numerose questione varie 
per le Scuole Medie Superiori. Part I. Numeri interi. By G. Fazzart. 
P. 132. 1°701. 1918. 4th edition. (Trimarchi, Palermo.) 


I Numeri Reali e l’Equazione esponenziale a*=b. Pp. 75. 1°801. 
1918. (Capozzi, Palermo.) 

Although Professor Fazzari’s introduction to the Elements of Arithmetic 
is little more than a mere brochure in size, it probably contains much more 
thar any Arithmetic in this country would present to its readers if its ground 
were restricted to the general discussion of the first four rules. In both 
France and in Italy much more attention is paid than im these islands to 
the elementary theory of numbers. The writer can speak from personal 
experience of the attraction presented by this branch of the subject to students 
of quite ordinary capacity, as shown by their proficiency in its other branches. 
From these pages it is clear that the Italian student is expected to know 
much that is a sealed book to the pupils in the higher classes of our secondary 
schools. The teachér who wishes as a bye-product to acquire an reading 
book in Italian will naturally select a volume with the subject matter of 
which he is more or less familiar. Here then is an opportunity of learning 
the language and at the same time of making himself acquainted with what 
is being done in the Italian schools. The historical notes are to the point 
and full of interest, but we notice that here and there the names of English 
books have suffered at the hand of the foreign printer. 

The second of the above books is intended for the same class of student. 
It will be found a useful introduction to the subject. It is printed in large 
type, and the author’s exposition is as effective as it is unpretentious. 


A Course in Mathematical Analysis. Differential Equations, being 
Part II. of Vol. Il. By E. Goursat. Translated by E. R. Heprick and 
O. DunKEL. Pp. viii+300. lls. 6d. net. 1918. (Ginn.) 

This is an excellent translation, and it will find its place on the shelves 
of teachers and of students who desire to study a short introduction to the 
theory of Differential Equations. There is no need for us to dwell upon 
the merits of the Goursat-Course. The sole drawback from the British 
point of view would be the scanty stock of examples on the applications 
of the theory. To some readers, e.g. the man whom Rignano calls “‘ the 
theorist,” this may be a merit. 


THE LIBRARY. 


CHANGE OF ADDRESS. 


Tue Library is now at 9 Brunswick Square, W.C., the new premises of the 
Teachers’ Guild. 


The Librarian will gladly receive and acknowledge in the Gazette any 
donation of ancient or modern works on mathematical subjects. 


Scarce Back NuMBERs, 


Reserves are kept of A.I.G.T. — and Gazettes, and, from time to 


time, orders come for sets of these. e are now unable to fulfil such orders 
for want of certain back numbers, which the Librafian will be glad to buy 
from any member who can spare them, or to exchange other back numbers 


oe: Gazette No. 8 (very important). 
A.1.G.T. Report No, 11 (very important). 
A.1.G.T. Reports, Nos. 10, 12. 
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